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ABSTRACT: The second virial coefficient A2 was determined for atactic oligo- and poly(R-methylstyrene)s
(a-PRMS) in cyclohexane below, at, and above Θ (30.5 °C) in the range of weight-average molecular weight
Mw from 5.30 × 102 to 3.22 × 106. The gyration-radius expansion factor RS was also determined for the
samples with Mw g 4.07 × 105. It is found that A2 increases rapidly with decreasing Mw for small Mw

because of effects of chain ends. By the use of the theory recently developed on the basis of the helical
wormlike chain model with consideration of effects of three-segment interactions in addition to those of
chain ends, the effective excess binary-cluster integrals associated with the chain end beads and also the
effective binary-cluster integral â between intermediate identical beads are determined as functions of
the absolute temperature T. With values of â so determined, the conventional and scaled excluded-volume
parameters z and z̃ near the Θ temperature are calculated. The behavior of the part A2,â

(HW) of A2 without
the effects of chain ends and three-segment interactions as a function of z and of RS as a function of z̃ is
examined for the present results for a-PRMS along with previous ones for atactic polystyrene. It is then
found that the conclusions previously derived without consideration of the effects of three-segment
interactions are still valid; i.e., (1) â is not proportional to τ ) 1 - Θ/T but is quadratic in τ below Θ in
contrast to the result above Θ that â ∝ τ, (2) the result for the part A2,â

(HW) below Θ is consistent with the
two-parameter theory prediction, and (3) the quasi-two-parameter theory is valid for RS below Θ as well
as above Θ.

Introduction
Recently, we have made experimental studies1-3 of

the second virial coefficient A2 and gyration-radius
expansion factor RS for some typical flexible polymers
and their oligomers near the Θ temperature within the
framework of polymer solution theory on the basis of
the helical wormlike (HW) chain model.4 The findings
of these studies may be summarized as follows: (1) The
binary-cluster integral â2 (between intermediate beads)
determined from A2 (for oligomers) with the correction
for effects of chain ends is not proportional to 1 - Θ/T
≡ τ with T the absolute temperature but is quadratic
in τ below Θ in contrast to the result above Θ that â2 ∝
τ. (2) The result for the part A2

(HW) of A2 without the
effects of chain ends below Θ is consistent with the two-
parameter (TP) theory prediction;5 that is, the quantity
A2

(HW)M1/2 with M the molecular weight (for a given
polymer) is a function only of the conventional excluded-
volume parameter z. (3) The quasi-two-parameter (QTP)
theory4 is valid for RS below Θ as well as above Θ; that
is, RS is a function only of the intramolecular scaled
excluded-volume parameter z̃.

In the above theory, excluded-volume interactions are
considered in the binary cluster approximation.5 As
pointed out by Cherayil et al.6 and by Nakamura et al.,7
however, there are possible effects of three-segment
interactions (ternary-cluster integral â3) on A2 near the
Θ temperature where â2 = 0. If this contribution of â3
is not negligibly small, we must make some modifica-
tions of the analysis made so far. Very recently, the HW
theory of A2 at the Θ temperature with the effects of
three-segment interactions has been developed8 by an
extension of the random-flight chain theory,9 where the
effective binary-cluster integral â defined by â ) â2 +
constant. â3 is used in place of â2. It has then been
shown that the new theory may give a rather satisfac-

tory explanation of Monte Carlo data8 and also very
recent experimental data for A2 for atactic oligo- and
poly(R-methylstyrene)s (a-PRMS) in cyclohexane at 30.5
°C (Θ)10 along with previous ones for atactic polystyrene
(a-PS)1,11 and atactic poly(methyl methacrylate)2,12 at
the respective Θ temperatures. In the present work we
make an experimental study of A2 and RS of a-PRMS in
cyclohexane near the Θ temperature on the basis of the
new HW theory with consideration of the effects of
three-segment interactions and examine whether the
above-mentioned three findings (near Θ) are still valid.
A reanalysis of the previous data for a-PS is also made
along the new line.

We here note that Li et al.13 have made a study of A2
and the mean-square radius of gyration 〈S2〉 of PRMS
in cyclohexane at and below the Θ temperature in
the range of the weight-average molecular weight Mw
from 6 × 104 to 106. However, it is not appropriate
to use their values of A2 and 〈S2〉 for the present pur-
pose. The reasons for this are the following. First, our
analysis requires data for the oligomers with very small
M. Second, as previously14 mentioned, their value
36.2 °C of Θ determined15 so that the Houwink-Mark-
Sakurada exponent becomes 0.5 is appreciably higher
than our value 30.5 °C. Third, their values of 〈S2〉/Mw
for Mw J 106 are 13% larger than ours.

Experimental Section

Materials. All the a-PRMS samples used in this work are
the same as those used in the previous studies10,16 of A2 and
the mean-square optical anisotropy, i.e., fractions separated
by preparative gel permeation chromatography (GPC) or
fractional precipitation from the original samples prepared by
living anionic polymerization.14,17 We note that the sample
AMS40 is a fraction from the commercial sample 20538-2 from
Polymer Laboratories Ltd. We also note that all the samples
have a fixed stereochemical composition (the fraction

2240 Macromolecules 2004, 37, 2240-2248

10.1021/ma035781d CCC: $27.50 © 2004 American Chemical Society
Published on Web 02/24/2004



of racemic diads fr ) 0.72) independent of Mw, possessing a
sec-butyl group at the initiating chain end and a hydrogen
atom at the other end.

The values of Mw determined by analytical GPC or from
light-scattering (LS) measurements (in cyclohexane at 30.5 °C)
and the ratio of Mw to the number-average molecular weight
Mn determined by analytical GPC are given in Table 1. As seen
from the values of Mw/Mn, all the samples are very narrow in
molecular weight distribution.

The solvent cyclohexane used for LS measurements was
purified according to a standard procedure.

Light Scattering. LS measurements were carried out to
determine A2 for all the a-PRMS samples and 〈S2〉 for the three
of them with the largest Mw in cyclohexane at various
temperatures ranging from 15.0 to 45.0 °C. A Fica 50 light-
scattering photometer was used for all the measurements with
vertically polarized incident light of wavelength 436 nm. For
a calibration of the apparatus, the intensity of light scattered
from pure benzene was measured at 25.0 °C at a scattering
angle of 90°, where the Rayleigh ratio RUu(90°) of pure benzene
was taken as 46.5 × 10-6 cm-1.18 The depolarization ratio Fu

of pure benzene at 25.0 °C was determined to be 0.41 ( 0.01
by the method of Rubingh and Yu.19

The conventional method was used for solutions of the
samples with Mw > 103, while the procedure previously20

presented was applied to those of the oligomer samples with
Mw < 103 as before1-3,11,12 since then the concentration
dependence of the density scattering Rd and of the optical
constant K cannot be ignored in the determination of A2 (and
also of Mw). In order to determine A2 by the latter procedure,
we measured the reduced total intensity RUv

/ of the unpolar-
ized scattered light for vertically polarized incident light, Fu,
the ratio κT/κT,0 of the isothermal compressibility κT of a given
solution to that κT,0 of the solvent, and the refractive index
increment (∂ñ/∂c)T,p at constant temperature T and pressure
p for the oligomer solutions, and also the first two quantities
for the solvent. The values of the refractive index ñ at finite
concentrations c, which were required to calculate K, were
calculated with the values of the refractive index ñ0 of the
solvent and (∂ñ/∂c)T,p for each oligomer sample, as described
in the next (Results) section. Measurements of RUv

/ were
carried out at scattering angles θ ranging from 45.0 to 142.5°,
and the mean of values obtained at different θ was adopted
as its value, since it must be independent of θ for oligomers.
The values of Fu were obtained by the same method as that
employed in the calibration of the apparatus.

Scattering data for the excess Rayleigh ratio ∆Rθ as a
function of θ and c were analyzed by using the Berry-square-
root plot21 for the determination of 〈S2〉, and those for ∆R0 at
θ ) 0 as a function of c were analyzed by using the Bawn plot22

for the determination of A2. The correction for the anisotropic
scattering was then applied to solutions of the samples with
Mw < 2 × 103.

The most concentrated solutions of the samples were
prepared gravimetrically and made homogeneous by continu-
ous stirring in the dark at ca. 50 °C for 3-7 days. The solutions
were optically purified by filtration through a Teflon mem-
brane of pore size 0.10, 0.45, or 1.0 µm. The solutions of lower

concentrations were obtained by successive dilution. The
weight fractions of the test solutions were converted to the
polymer mass concentrations c by the use of the densities of
the respective solutions calculated with the partial specific
volumes v2 of the samples and with the density F0 of the
solvent. The quantities v2 and F0 were measured with a
pycnometer of the Lipkin-Davison type having a volume of
10 cm3.

Isothermal Compressibility. Isothermal compressibility
measurements were carried out to determine κT/κT,0 for the
oligomer samples OAMS4 and OAMS5 in cyclohexane at 15.0
and 45.0 °C. The apparatus and the method of measurements
are the same as those described in the previous paper.11 The
ratio κT/κT,0 was determined as a function of c and p. The latter
was varied from 1 to ca. 50 atm. In this range of p, it was
independent of p within experimental error, so that we adopted
the mean of values obtained at various pressures as its value
at 1 atm.

Refractive Index Increment. The refractive index incre-
ment (∂ñ/∂c)T,p was determined as a function of c and T for
the samples OAMS4, OAMS5, OAMS8, OAMS13, OAMS33,
OAMS67, AMS2, and AMS5 at temperatures ranging from
15.0 to 45.0 °C at wavelength of 436 nm by the use of a
Shimadzu differential refractometer.

Results
Light Scattering from Solutions of Oligo(r-

methylstyrene). We first give the values of κT/κT,0 and
(∂ñ/∂c)T,p required to analyze the LS data for the two
samples OAMS4 and OAMS5 with Mw < 103, as
mentioned in the Experimental Section.

The values of κT/κT,0 obtained for the sample OAMS4
in cyclohexane are 0.908, 0.905, and 0.879 at c ) 0.1079,
0.1407, and 0.1824 g/cm3, respectively, at 15.0 °C, and
0.887, 0.870, and 0.858 at c ) 0.1046, 0.1366, and 0.1773
g/cm3, respectively, at 45.0 °C. Those for the sample
OAMS5 in cyclohexane are 0.933 and 0.844 at c )
0.1270 and 0.1708 g/cm3, respectively, at 15.0 °C, and
0.895 and 0.855 at c ) 0.1232 and 0.1659 g/cm3,
respectively, at 45.0 °C. The results so obtained for these
two samples may be represented by the equation linear
in c as

with k ) - 0.75 cm3/g for c j 0.18 g/cm3 independent of
temperature in its range from 15.0 to 45.0 °C. We note
that the previous results for κT/κT,0 for the sample
OAMS5 in cyclohexane at 30.5 °C (Θ)10 may be repre-
sented by the same equation.

From the values of (∂ñ/∂c)T,p at 436 nm obtained for
the samples OAMS4 through AMS5 in cyclohexane at
temperatures ranging from 15.0 to 45.0 °C, it has been
found that (∂ñ/∂c)T,p for each sample may be represented
by the equation linear in T as

independent of c for c j 0.18 g/cm3 and that the value
of the coefficient k2 is independent of Mw and is equal
to (4.3 ( 0.5) × 10-4 cm3/g deg. The values of k1, i.e.,
(∂ñ/∂c)T,p at the Θ temperature had already been deter-
mined for the samples OAMS5 through AMS5 in the
previous studies10,14 of 〈S2〉 and A2, and are 0.1694,
0.1821, 0.1880, 0.1969, 0.2012, 0.2007, and 0.2005 cm3/g,
respectively. The value of k1 for the sample OAMS4 has
been determined to be 0.1576 cm3/g in the present work.
As for the samples with Mw J 105, the values of k1 and
k2 in cyclohexane at temperatures ranging from 25.0 to
55.0 °C are 0.2037 cm3/g and 4.3 × 10-4 cm3/g deg,

Table 1. Values of Mw and Mw/Mn for Atactic Oligo- and
Poly(r-methylstyrene)s

sample Mw Mw/Mn

OAMS4 5.30 × 102 <1.01
OAMS5 6.48 × 102 <1.01
OAMS8 1.04 × 103 1.01
OAMS13 1.60 × 103 1.02
OAMS33 3.95 × 103 1.04
OAMS67 7.97 × 103 1.04
AMS2 2.48 × 104 1.02
AMS5 5.22 × 104 1.02
AMS15 1.46 × 105 1.02
AMS40 4.07 × 105 1.02
AMS200 2.06 × 106 1.05
AMS320 3.22 × 106 1.05

κT/κT,0 ) 1 + kc (1)

(∂ñ/∂c)T,p ) k1 + k2(T - Θ) (2)
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respectively, which have been evaluated from the em-
pirical interpolation formula 2 of ref 10. We note that
eq 2 with these values of k1 and k2 is also valid for
solutions of the sample AMS15 at 20.0 °C. The value of
ñ for each sample at given c (c j 0.18 g/cm3) and
temperature may be calculated from

with the value of (∂ñ/∂c)T,p given by eq 2 and that of ñ0
for pure cyclohexane calculated from an interpolation
formula23 as a function of temperature.

Now we may calculate the excess Rayleigh ratio ∆R0
for all the samples, including the oligomers, by the use
of the values of κT/κT,0 and (∂ñ/∂c)T,p obtained above. The
Berry square-root plot21 of (Kc/∆R0)1/2 against c for each
a-PRMS sample in cyclohexane at each temperature has
been found to follow a curve concave upward in the
range of c studied, although not explicitly shown. This
indicates that the third virial coefficient A3′ as well as
the second virial coefficient A2′ contributes toKc/∆R0 as
c is increased. (Here, the prime attached to A2 and A3
indicates that they are light-scattering virial coef-
ficients.) It is then difficult to determine A2′ from the
plots with high accuracy, so that we have made Bawn
plots.22

Figure 1 shows Bawn plots for the indicated a-PRMS
samples in cyclohexane at 15.0 °C, where S(ci, cj) is
defined by eq 4 of ref 10. As seen from the figure, the
data points for each sample follow a straight line,
indicating that the terms higher than A3′ may be
neglected in the range of c studied. From the straight
lines indicated, we have determined A2′ and A3′ for each
sample in cyclohexane at 15.0 °C. Then we have
determined Mw of each sample as before1-3 so that the
curve of (Kc/∆R0)1/2 calculated by the use of these values
of Mw, A2′, and A3′ may give a best fit to the data points
for each sample in the Berry square-root plot. The data
at the other temperatures and also for the samples with
higher molecular weights have been analyzed by the
same method. Thus, the values of Mw, A2′, and A3′ for

all the samples have been determined rather accurately.
For the samples AMS40, AMS200, and AMS320 in
cyclohexane at various temperatures ranging from 25.0
to 40.0 °C, we have also determined 〈S2〉 from the Berry
square-root plot.

The values of A2′ and A3′ so determined for each
a-PRMS sample in cyclohexane may be equated to those
of the (osmotic) second and third virial coefficients A2
and A3, respectively, as in the cases of the previous
results at Θ and in good solvents.10 We treat only the
results for A2 in the remainder of this paper, and we
will analyze those for A3 in a forthcoming paper.

Second Virial Coefficient and Gyration-Radius
Expansion Factor. The values of A2 so determined for
the samples with Mw < 2 × 105 in cyclohexane at
temperatures ranging from 15.0 to 45.0 °C are given in
Table 2. In Table 3 are given the values of A2 along with
those of RS

2 for the samples with Mw > 2 × 105 in
cyclohexane at temperatures ranging from 25.0 to 45.0
°C. The values of A2 for all the samples except OAMS4
at 30.5 °C (Θ) in Table 2 have been taken from Table 2
of ref 10, and those for all the three samples at 30.5,
35.0, and 45.0 °C in Table 3, from Table 3 of ref 10. The
values of RS

2 for all the three samples at 35.0 and 45.0
°C in Table 3 have been calculated from the defining
equation

with the values of 〈S2〉 given in Table 3 of ref 10 and
the corresponding unperturbed values 〈S2〉0 given in
Table 3 of ref 14. We note that LS data could not be
obtained for test solutions of the sample AMS15 at 15.0
°C and of the samples AMS200 and AMS320 at 25.0 °C
since phase separation occurred for them in the range
of c in which LS measurements were carried out.

Figure 2 shows plots of A2 against log Mw in cyclo-
hexane at 45.0, 40.0, 35.0, 30.5 (Θ), 25.0, 20.0, and 15.0
°C from top to bottom. The data points at 45.0, 40.0,
and 35.0 °C are shifted upward by 3 × 10-4, 2 × 10-4,
and 1 × 10-4 cm3 mol/g2, respectively, and those at 25.0,
20.0, and 15.0 °C, downward by1 × 10-4, 2 × 10-4, and
3 × 10-4 cm3 mol/g2, respectively. The plot at 30.5 °C
includes the values 5.60 × 10-4, 2.35 × 10-4, 1.75 ×
10-4, 5.5 × 10-5, 8 × 10-6, -2.6 × 10-5, -1.2 × 10-5,
-6 × 10-6, 0, and 0 cm3 mol/g2 of A2 previously10

determined for the a-PRMS samples with Mw ) 1.27 ×
103, 2.27 × 103, 2.96 × 103, 4.57 × 103, 1.30 × 104, 6.46
× 104, 1.15 × 105, 2.38 × 105, 8.50 × 105, and 5.46 ×
106, respectively, in addition to those given in Tables 2
and 3. The heavy solid curve connects smoothly the data

Figure 1. Bawn plots for the indicated a-PRMS samples in
cyclohexane at 15.0 °C.

ñ ) ñ0 + (∂ñ/∂c)T,p c (3)

Table 2. Results for A2 of Atactic Oligo- and
Poly(r-methylstyrene)s in Cyclohexane

104A2, cm3 mol/g2

sample
15.0
°C

20.0
°C

25.0
°C

30.5
°C (Θ)

35.0
°C

40.0
°C

45.0
°C

OAMS4 7.75 11.0 13.0 16.5 18.8 21.0 23.0
OAMS5 5.25 7.75 10.0 12.5a 14.3 16.0 17.8
OAMS8 1.60 3.60 5.80 7.20 8.70 10.2 11.5
OAMS13 -0.15 1.40 2.70 4.00 4.90 5.70 6.80
OAMS33 -1.48 -0.50 0.37 1.00 1.63 2.18 2.65
OAMS67 -1.50 -0.82 -0.16 0.30 0.66 1.00 1.40
AMS2 -1.56 -1.12 -0.60 -0.15 0.20 0.57 0.89
AMS5 -1.67 -1.20 -0.70 -0.28 0.11 0.42 0.73
AMS15 -1.08 -0.57 -0.15 0.16 0.40 0.63

a A2’s for OAMS5 through AMS15 at 30.5 °C have been taken
from ref 10.

〈S2〉 ) 〈S2〉0RS
2 (4)
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points at 30.5 °C (Θ), and the light solid curves connect
smoothly those at the other temperatures. The heavy
dashed curve represents the values of a quantity A′2 ()
A2 - A2,â3

(HW)) (not to be confused with the light-scatter-
ing A2), which are associated with those of A2 at Θ and
are estimated and discussed in the next (Discussion)
section. The rapid decrease in A2 with increasing Mw
for small Mw at each temperature is due to the effects
of chain ends.4,24 As pointed out in the previous paper,10

A2 at 30.5 °C (Θ) then decreases slowly (from zero) to a
negative minimum at Mw = 5 × 104. The plots at 25.0
and 20.0 °C have a similar feature. This may be
regarded as arising from the effects of three-segment
interactions.7,8,10

Discussion
Effects of Chain Ends on A2. We analyze the data

for A2 shown in Figure 2 by the use of the HW
theory4,8,24 that takes account of both effects of chain
stiffness and chain ends, and also of those of three-
segment interactions at the Θ temperature, on the basis
of the HW bead model. For convenience, we begin by
summarizing necessary basic equations. The model is
such that n + 1 beads are arrayed with spacing a
between them along the contour of total length L ) na,
where n - 1 intermediate beads are identical and the
two end beads are different from the intermediate ones

and also from each other in species. Identical excluded-
volume interactions between intermediate beads are
expressed in terms of the effective binary-cluster integral
â, which is redefined so as to include the contribution
of three-segment interactions (ternary-cluster integral
â3).4,8,9 In addition to â, two kinds of (effective) excess
binary-cluster integrals â2,1 and â2,2 are introduced to
express interactions between unlike beads, â2, 1 being
associated with one end bead and â2,2 with two end ones.
The HW model itself is defined in terms of three basic
model parameters: the constant differential-geometrical
curvature κ0 and torsion τ0 of its characteristic helix and
static stiffness parameter λ-1.

According to the theory, A2 may be written in the form

where A2
(HW) is the part of A2 without the effects of

chain ends, and A2
(E) represents their contribution to A2

(from â2,1 and â2,2). The first term A2
(HW) may be written

as

where A2,â
(HW) is the part of A2

(HW) arising from â, which
vanishes at Θ, and A2,â3

(HW) is the residual contribution to
A2

(HW) from â3. Note that in the binary cluster ap-
proximation, the term A2,â3

(HW) does not appear, so that
A2

(HW) ) A2,â
(HW).4,24 A2,â

(HW) (at â * 0) may be given by

where NA is the Avogadro constant, and the constant
c∞ and the excluded-volume strength B are defined by

and

Below or near Θ (z < 0 or very small |z|), the so-called
h function on the right-hand side of eq 7 may be
expanded as25

where the intramolecular and intermolecular scaled
excluded-volume parameters z̃ and z̃̃ are defined by

Table 3. Results for A2 and rS
2 of Atactic Poly(r-methylstyrene) in Cyclohexane

sample 25.0 °C 27.0 °C 28.0 °C 29.0 °C 30.5 °C (Θ) 33.0 °C 35.0 °C 40.0 °C 45.0 °C

104A2, cm3 mol/g2

AMS40 -0.43 -0.28 -0.20 -0.15 0a 0.13 0.20a 0.39 0.55a

AMS200 -0.30 -0.21 -0.10 0 0.11 0.18 0.30 0.41
AMS320 -0.35 -0.21 -0.13 0 0.10 0.17 0.28 0.37

RS
2

AMS40 0.861 0.906 0.941 0.964 1 1.041 1.071
b 1.131 1.167

b

AMS200 0.819 0.881 0.914 1 1.101 1.155 1.274 1.351
AMS320 0.810 0.864 0.918 1 1.125 1.193 1.299 1.437

a A2’s for all the three samples at 30.5, 35.0, and 45.0 °C have been taken from ref 10. b RS
2’s for all the three samples at 35.0 and 45.0

°C have been calculated from the values of 〈S2〉 given in ref 10 and those of 〈S2〉0 given in ref 14.

Figure 2. Plots of A2 against log Mw for a-PRMS in cyclohex-
ane at 45.0, 40.0, 35.0, 30.5 (Θ), 25.0, 20.0, and 15.0 °C from
top to bottom. The data points at 45.0, 40.0, and 35.0 °C are
shifted upward by 3 × 10-4, 2 × 10-4, and 1 × 10-4 cm3 mol/
g2, respectively, and those at 25.0, 20.0, and 15.0 °C, downward
by 1 × 10-4, 2 × 10-4, and 3 × 10-4 cm3 mol/g2, respectively.
The heavy solid curve connects smoothly the data points at
30.5 °C, and the light solid curves connect smoothly those at
the other temperatures. The heavy dashed curve represents
the values of A′2 ()A2 - A2,â3

(HW)) associated with those of A2 at
30.5 °C (see the text).

A2 ) A2
(HW) + A2

(E) (5)

A2
(HW) ) A2,â

(HW) + A2,â3

(HW) (6)

A2,â
(HW) ) (NAc∞

3/2L2B/2M2) h (7)

c∞ )
4 + (λ-1τ0)

2

4 + (λ-1
κ0)

2 + (λ-1τ0)
2

(8)

B ) â/a2c∞
3/2 (9)

h ) 1 - 2.865z̃̃ + 8.851z̃̃2 + 5.077z̃z̃̃ - ... (10)
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with K and Q being functions only of λL and given by
eq 8.46 of ref 4 (or eq 50 of ref 26) and by eq 8.102 of ref
4 (or eq 19 of ref 24) for λL J 1 (for ordinary flexible
polymers), respectively. The conventional excluded-
volume parameter z above is now defined by

Above Θ (z > 0), h is given by eq 8.110 of ref 4 (or eq
18 of ref 24).

Thus, note that h is a function of z̃ and z̃̃ for z > 0
and z < 0 and that we may put h ) 1 approximately for
λL j 1. Recall that L is related to M by the equation

with ML being the shift factor, defined as the molecular
weight per unit contour length.

The second term A2,â3

(HW) on the right-hand side of eq 6
is a function of â3, so that it in general depends on
temperature if â3 varies with temperature near Θ. On
the experimental side, Nakamura et al.27 have reported
that â3 is independent of temperature near Θ for PS in
trans-decalin. We assume that this is also the case with
a-PRMS in cyclohexane, although there is no experi-
mental report on it, and equate A2,â3

(HW) to the term A2
(HW)

at Θ at which A2,â
(HW) vanishes. Denoting A2

(HW) at Θ by
A2,Θ

(HW), we then have

The quantity A2,Θ
(HW) may be given by8

where A3
0 is the third virial coefficient without the

effects of chain ends at the Θ temperature,4,28 (〈S2〉0/
M)∞ is the value of 〈S2〉0/M in the limit of M f ∞, and I
is a function only of λL and is given by eq 36 of ref 8.

The second term A2
(E) on the right-hand side of eq 5

may be written in the form4,24

where

with M0 the molecular weight of the bead and with

The excess binary-cluster integrals â2,1 and â2,2 are
explicitly defined in eqs 8.117 of ref 4 (or eq 22 of ref
24, in which the symbols â1 and â2 are used in place of
â2,1 and â2,2, respectively).

In order to determine the values of a1 and a2, it is
convenient to introduce the quantity A′2 defined by

In the oligomer region, where the relation h ) 1 holds,
A2,â

(HW) is independent of M, so that we have, from eqs 5,
6, 17, and 20

where A′2,i and A′2,j denote the values of A′2 for the
samples with different molecular weights Mi and Mj,
respectively. Equation 21 indicates that a1 and a2 may
be determined from the intercept and slope of the plot
of (A′2,i - A′2,j)/(Mw,i

-1 - Mw,j
-1) vs (Mw,i

-1 + Mw,j
-1),

respectively. Figure 3 shows such plots with the present
data for the low-molecular-weight samples with Mw e
3.95 × 103, for which h may be equated to unity, at the
indicated temperatures. Here, the values of A′2 have
been calculated from eq 20 with the observed values of
A2 and with the theoretical values of A2,â3

(HW) calculated
from eq 15 with eq 16 with the respective values 46.8 Å
and 39.8 Å-1 of λ-1 and ML previously14 determined from
〈S2〉0 and with the respective observed values 6.82 ×
10-18 cm2 mol/g and 5.0 × 10-4 cm6 mol/g3 of (〈S2〉0/Mw)∞

and A3
0 previously10,14 obtained. We note that only the

values of A′2 so calculated at 30.5 °C (Θ) have been
plotted in Figure 2 (dashed line), for simplicity. The data
points in Figure 4 at each temperature can be fitted by
a straight line. The results confirm that the upswing of
A2 for small Mw shown in Figure 2 arises from the effect
of chain ends. From the straight lines indicated, we have
determined a1 and a2 at the respective temperatures.

Figure 4 shows plots of A′2 against Mw
-1 with the data

corresponding to those in Figure 3. From the plots, we
have determined A2,â

(HW) with h ) 1 at each temperature
so that the curve of A′2 () A2,â

(HW) + A2
(E)) as a function of

Mw
-1 calculated from eqs 5, 6, 17, and 20 with these

values of A2,â
(HW) (with h ) 1), a1, and a2 gives a best fit

to the data points. The curves in Figure 4 represent the
values so calculated. The good agreement between the
calculated and observed values indicates again that the
dependence of A2 on Mw for low Mw arises from the effect
of chain ends. Note that the intercept of each curve is
equal to A2,â

(HW) with h ) 1, i.e., the prefactor (NA

c∞
3/2L2B/2M2), from which we have determined B at the

corresponding temperature.

Temperature Dependence of Effective Binary-
Cluster Integrals. With the values of B, a1, and a2
obtained in the last subsection, we have calculated â,
â2,1, and â2,2 at the respective temperatures from eqs 9
and 18 with eq 19 (and with a ) M0/ML) by taking the
repeat unit of the chain as a single bead (M0 ) 118).
For the calculation of â, we have used the above-
mentioned values of λ-1 and ML along with the respec-
tive values 3.0 and 0.9 of λ-1κ0 and λ-1τ0.

The values of â (in Å3) obtained at various tempera-
tures above and below Θ are represented by the unfilled
circles in Figure 5. It is clearly seen that the present
data points for τ () 1 - Θ/T) < 0 deviate downward
from a linear extension of the straight line fitted to the
data points for τ > 0 (dashed line). The values of â may

z̃ ) 3/4K(λL)z (11)

z̃̃ ) [Q(λL)/2.865]z (12)

z ) (3/2π)3/2(λB)(λL)1/2 (13)

L ) M/ML (14)

A2,â3

(HW) ) A2,Θ
(HW) (15)

A2,Θ
(HW) ) -

3A3
0(λ/ML)1/2

8π3/2NA(〈S2〉0/M)∞
3/2

[I(∞) - I(λL)] (16)

A2
(E) ) a1M

-1 + a2M
-2 (17)

a1 ) 2NAâ2,1/M0

a2 ) 2NA∆â2,2 (18)

∆â2,2 ) â2,2 - 2â2,1 (19)

A′2 ) A2 - A2,â3

(HW) (20)

(A′2,i - A′2,j)/(Mi
-1 - Mj

-1) ) a1 + a2(Mi
-1 + Mj

-1)
(21)
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be well reproduced by an empirical equation as a
function of τ as follows

The solid curve in Figure 5 represents the values
calculated from these equations.

In Figure 6, the values of â2,1 (unfilled circles) and
â2,2 (filled circles) are plotted against τ. They are of
reasonable order of magnitude as the effective excess
binary-cluster integrals associated with the chain end
beads compared to those for small molecules.29 The data
points for â2,1 follow a curve convex upward, while those
for â2,2 follow a curve concave upward. With these

results, for later use, we have also constructed empirical
equations for â2,1 and â2,2 (both in Å3) as functions of τ
as follows

The curves for â2,1 and â2,2 in Figure 6 represent the
values calculated from eqs 23 and 24, respectively.

Dependence of A2Mw
1/2 and A2,â

(HW)Mw
1/2 on z. Now

we examine the behavior of the quantities A2Mw
1/2 and

A2,â
(HW)Mw

1/2 as functions of z. Figure 7 shows plots of
A2Mw

1/2 against z with all the data given in Tables 2

Figure 3. Plots of(A′2,i - A′2,j)/(Mw,i
-1 - Mw,j

-1) against Mw,i
-1

+ Mw,j
-1 for a-PRMS in cyclohexane at the indicated temper-

atures (see the text).

Figure 4. Plots of A′2 against Mw
-1 for a-PRMS in cyclohexane

at the indicated temperatures (see the text).

â ) 66τ for τ g 0

) 66τ - 830τ2 for τ < 0
(22)

Figure 5. Plots of â against τ ) 1 - Θ/T for a-PRMS in
cyclohexane with the â values from A2. The solid curve
represents the values calculated from eqs 22, and the dashed
straight line is an extension of the solid straight line for T >
Θ (see the text).

Figure 6. Plots of â2,1 and â2,2 against τ ) 1 - Θ/T for a-PRMS
in cyclohexane: (O) â2,1; (b) â2,2. The solid curves for â2,1 and
â2,2 represent the values calculated from eqs 23 and 24,
respectively.

â2,1 ) 78 + 920τ - 970τ2 (23)

â2,2 ) 206 + 790τ + 2100τ2 (24)
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and 3, where values of z have been calculated from eq
13 with eqs 9 and 22 and with the above-mentioned
values of the HW model parameters. The dashed
straight line represents the theoretical values calculated
from

with h ) 1 (the TP theory single-contact term), assum-
ing that A2

(E) ) A2,â3

(HW) ) 0, where A2
0 is given by

and is calculated to be 0.239 cm3 mol1/2/g3/2 with the
above-mentioned values of the HW model parameters.
The dotted curve represents the values calculated from
eq 25 with the first-order TP perturbation theory of h
given by eq 10 with z̃ ) z̃̃ ) z (i.e., h ) 1-2.865z). The
data points for the oligomer samples with very small
Mw are seen to deviate extraordinarily upward from the
dashed line around z ) 0, and it turns out that all the
data points cannot form a single-composite curve. This
is due to the effects of chain ends.

With the above results for â2,1 and â2,2, we may
estimate the contribution A2

(E) of the effects of chain
ends to A2 from eq 17 with eqs 18, 19, 23, and 24, and
therefore A2

(HW) without these effects by subtracting the
value of A2

(E) so obtained from the observed value of A2.
We may then estimate the part A2,â

(HW) of A2 without the
effects of three-segment interactions and also of chain
ends by subtracting the above-calculated theoretical
value of A2,â3

(HW) from the value of A2
(HW) so obtained.

Figure 8 shows plots of A2,â
(HW)Mw

1/2/A2
0 against the same

z as in Figure 7. Here, the symbols and the lines have
the same meaning as those in Figure 7. For comparison,
the results (filled circles) obtained from a reanalysis of

the previous data for a-PS samples with 3.70 × 102 e
Mw e 4.00 × 104 in cyclohexane near the Θ tempera-
ture1 in the same manner as above are also shown in
Figure 8. We omit the details of the reanalysis and only
give the values of the HW model parameters and related
quantities required for it:4,28,30 λ-1 ) 20.6 Å, ML ) 35.8
Å-1, λ-1κ0 ) 3.0, λ-1τ0 ) 6.0,(〈S2〉0/Mw)∞ ) 7.82 × 10-18

cm2 mol/g, and A3
0 ) 4.7 × 10-4 cm6 mol/g3. The value

of A2
0 necessary for the plot for a-PS has been calcu-

lated to be 0.294 cm3 mol1/2/g3/2.
It is seen that the extraordinary deviation of the

A2Mw
1/2 vs z plot upward from the dashed line around z

) 0 found in Figure 7 disappears in Figure 8 and that
all the data points along with those for a-PS nearly form
a single-composite curve. Thus, the previous conclusion
derived without consideration of the effects of three-
segment interactions is still valid; that is, the effect of
chain stiffness on A2,â

(HW) and hence A2 is of little signifi-
cance below Θ in contrast to the behavior of A2 above
Θ, or in other words, the TP theory prediction is valid
for A2,â

(HW) below Θ irrespective of the difference in
polymer species.

It should be noted here that the data points in Figure
8 for the samples with Mw J 105 deviate somewhat
upward from the dashed line in the range of z > 0. As
pointed out in the previous papers,8,10 the convergence
of the theoretical A2,â3

(HW) to zero with increasing M is
rather slow (∝M-1/2), and there still remains a small but
finite negative value even for such large Mw where the
observed A2 at Θ vanishes. This indicates that the
theory is not complete as yet. Thus, the values of A′2
with the correction of A2,â3

(HW), as shown in Figure 2
(dashed line) for the case at 30.5 °C, and therefore those
of A2,â

(HW) may be somewhat overestimated, especially in
the range of large Mw.

Dependence of rS on z̃. Figure 9 shows plots of RS
2

against z̃, where values of z̃ have been calculated from
eq 11 with eq 8.46 of ref 4 for K and with the values of
z calculated as above. The circles with slash bar, the
circles with horizontal bar, and the unfilled circles

Figure 7. Plots of A2Mw
1/2 against z for a-PRMS in cyclohex-

ane: unfilled circle with pip up, OAMS4; successive 45°
clockwise rotations of pips correspond to OAMS5, OAMS8,
OAMS13, OAMS33, OAMS67, AMS2, and AMS5, respectively;
(i) AMS15; (L) AMS40; (Q) AMS200; (O) AMS320. The dashed
and dotted curves represent the theoretical values with A2

(E)

) A2,â3

(HW) ) 0 and h ) 1 and the first-order TP perturbation
theory values, respectively (see the text).

A2,â
(HW)M1/2 ) A2

0zh (25)

A2
0 ) 4(π/6)3/2NA(c∞/λML)3/2 (26)

Figure 8. Plots of A2,â
(HW)Mw

1/2/A2
0 against z: (i, L, Q, O with

and without pip) present data for a-PRMS in cyclohexane (the
symbols and the lines have the same meaning as those in
Figure 7); (b) previous data for a-PS with Mw from 3.70 × 102

to 4.00 × 104 in cyclohexane.1
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represent the present values for the samples AMS40,
AMS200, and AMS320, respectively, in cyclohexane. For
comparison, the results (filled circles) previously31 ob-
tained for a-PS samples with 1.27 × 106 e Mw e 6.40 ×
106 in cyclohexane are also shown in Figure 9. We note
that we have used the values of z̃ recalculated for a-PS
with the values of â determined from the above-
mentioned reanalysis. The curves (1) and (2) represent
the first- and second-order perturbation theory values,
respectively, calculated from

It is seen that all the data points nearly form a single-
composite curve within experimental error. This con-
firms that the QTP theory is valid for RS below Θ as
well as above Θ irrespective of the difference in polymer
species as in the previous analysis without consideration
of three-segment interactions.

Finally, we make some comments on the effects of
three-segment interactions on A2 and RS from a theo-
retical point of view. As mentioned in the previous
paper,8 three-segment interactions (â3) have also an
effect on 〈S2〉0 at Θ (â ) 0), making the theoretical value
of 〈S2〉0 somewhat smaller than the conventional one
evaluated in the binary cluster approximation (â3 ) 0).
As a result, it seems necessary to make a correction to
the relation between RS and â, as done to that between
A2 and â in the present work. Then the value of â
determined from A2 with the correction does not neces-
sarily agree with that from RS without it. Fortunately,
however, such a difference in â proves to be negligibly
small for the polymer-solvent systems studied, since
the variations themselves of A2 and RS with â and hence
also the correlation between them hardly alter even with
the present correction to A2 (below Θ), as seen from a
comparison of Figures 8 and 9 with Figures 10 and 11
of ref 3.

Conclusion

For solutions of several a-PRMS samples, including
the oligomers with very small Mw, in cyclohexane near
the Θ temperature, the contribution A2

(E) of the effects
of chain ends to the second virial coefficient A2 has been
successfully determined from the part A′2 of A2 without
the effects of three-segment interactions. The part A′2
has been estimated by subtracting the contribution
A2,â3

(HW) of these effects from the observed A2, where A2,â3

(HW)

has been calculated by the use of the HW theory
recently developed and on the assumption that the
ternary cluster integral â3 is independent of tempera-
ture near Θ. From the values of A2

(E) so determined at
various temperatures, the effective excess binary-cluster
integrals â2,1 and â2,2 associated with the chain end
beads have been determined as functions of the absolute
temperature T. Then, with these values of â2,1 and â2,2,
the effective binary-cluster integral â between interme-
diate identical beads has been estimated as a function
of T and found not to be proportional to τ ) 1 - Θ/T
below Θ. With the values of â, the conventional and
scaled excluded-volume parameters z and z̃ have been
directly calculated without any assumption. The behav-
ior of the part A2,â

(HW) () A2 - A2
(E) - A2,â3

(HW)) of A2 without
the effects of chain ends and three-segment interactions
as a function of z and also of the gyration-radius
expansion factor RS as a function of z̃ has been examined
for the present results for a-PRMS along with the
previous ones for a-PS, both in cyclohexane. It has then
been found that the previous conclusions obtained
without consideration of the effects of three-segment
interactions, such as mentioned in the Introduction, are
still valid.
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